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Abstract. Two new criterions
posed.

‘The criterions take precedence over the Nyquist
cies,

of the stability of the system accessible for the experimental investigation is pro-
criterion:
b) -the inforwation -about the open-loop system roots with the positive real parts which is required for

a) the finite number of the test frequen-

the proposed criterions.can be obtained from the experiments.
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1. INTRODUCTION

One of the basic problems of the theory of the control

. systems with the uncertain parameters is the problem of
stability analysis. We can distinguinsh three direc-
tions in the solution of this problem.

First direction. It is supposed that lover and upper
bounds of the system parameters are known (The structu-
red uncertain systems). For this case the sufficient
cenditions of stability have been given in the litera-
ture which is hegan with (1]; also recent contributions
such as for example {2] can be found.

The second direction. The mcdel-of the plant is charac~
terised by a given fixed nominal plant with a set of
norm-bowided perturhbation (The unstructured uncertain
system}. Then the conditions required to the robust
disturbance rejection is derived [3], [4]}.

The trird direction have been began by Nyquist [5]. It
is supposed that the plant (or open-loop system) is ac-
cessible for the experimental investigations. For using
of the Nygquist criterion is necassary the frequency re-
spunse of open-loop system in the frequency bandwidth
frum zero to infinity [6].

This infinite series of the experiments may be decrea-
sed .if the parameter of the transfer function of open-
lvop systems is identifiedon the basis of the test from
the finite number of the frequency [7] and then the

frequency responses in the all frequency bandwidth can
be calculated.

This is an obvious way to decrease of the number of the
experimenis. Is there an other way? This way is to con-
struct the direct stability criterion, which is based
on the finite number of the experiments and in which
the identification of the parameters is not used and
the frequency responses is not calculated.

Such direct criterion has been derived in [8]. It to
base self upon the solution of the inverse problem of
the optimal control {9] and the solution of LQG-problem
(10] for the plants specified by finite numbers of va-
lues of their frequency response {11].

The aim of this paper is the construction of the new
direct stability criterion based seif upon the modal
approach,

2. PRELIMINARIES

2.1. The frequency domain parameters and theirs expe-
rimental determination.

Consider the plant described by the following equation

(s"+dn_‘s"'1+...+d0)y=(k157+...+k°)u, ¥<n (1)

where

y(t) is the measured output, u(t) is the control
input,
The transfer function of the pilant (1) is
w(s)= k(s)/d(s).

Let C0 is the estimation of an upper boundary of the
set of the positive numbers which are the values of the
real part roots of the po]yﬁpmials d(s). If the roots
of d(s) lie in left half-plar thén €,=0.
Definition 2.1 The set of the 2n' nimbers

o« =Rew(htjo ), B =Imw(A+jw), (k=1,m) )
{(where wk(k=175) are some positive numbérs, XZCO) are
called the frequency domain parameters of the plant
{1). a

The method of the experimental determination of the
frequency domain parameters is well known [7], for a
stable plant, : ]

In fact if we apply to the input of the‘plan% (1) the
harmonic signal wu(t)=1-sinw t, then we obtain on its
output

y(t)=uksinwkt+ﬁkcosmkt+x(t}. (3)
where x{t) is the vanich function ({gg x(t)=0). Apply-
ing the signal (3) to the Fourier filter we can receive
the number a and Bk.

In case of the unstable plant (1), Wé'have to apply the
signal A
u{t)=e sinwht (szu)

to the input of the plant (1) and then apply the signal

y(t)é** on the input of the Fourier filter [12].

Definitjon 2.2 The numbers ©, (x=1,n) in (2) are called
the test frequencies. ' o
Definition 2.3 The set of the p numbers (2), where

n{ps2n are called the widened frequency domain parame-
ters of the plant (1). fa)

Remark 2.1 The frequency domain parameters exist if the
test frequenclies satisfy the conditions
d(M+jw, )#0 (k=1,n or k=1,p). (%)

2.2 Bezout-Identity

Consider the Bezout~Identity
1,(5)8,(s)=7,(s)8 (5)ay_(s) ()
in which 71(5). 72(5) and ya(s) are the given polyno-
mials. These polynomials have the following degrees
3ly, (s)l=p ~ (1=1,2,3). (6)
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Theorem 2.1 If the polynomials 1‘(5) and 72(5) are re-
- latively prime then polynosials 5‘(5) and 52(8) exist.

I1f morecover

6[62(5)](;11 or 6[6‘(5)]<pz. (7)
then this pair of the polynomials is unique. o
The proof of this theorem is contained in i13], (14].
Let
a)  7,(s)=0 (8)
b) 38, (s)Ixp,, A5, (s)]=p, . 9
c) alp:rzpz (10)
where sip and 72p are the coefficients by the highest

1 2

degrees of polynomials 6‘(s) and 72(5) respectively.

Lemma 2_1 If the polynomials 1‘(3) and 72(5) are rela-

tively prime and the conditions (9), (10) are fulfil-
led then the identity

7
1,(8)8,(s)-7,(s)3 (s)=0 ‘(i)
. has the obvious solution

8,(s)=y (), & (s)=7,(s) (12)
which is unique. o
Proof. Let there is ancther than (12) solution of the
(11):
8,(5)=82(s), & (s)=87(s) 13)
which satisfies the conditions (9) and (10).
Then . .
12(5)62(5)-7,(SJ6,(S)=9-
Substracting fhis identity from (11) we obtain
1,(s)8,(s)-7,(s)3 (5)=0, (14)
. . = ., _ - Y .
where 8 (s)=y,(s)-83(s), 8 (s)=7,(s)-81(s)=(y, b1
o1
L2 Py LIRS
‘ ~o1'p2_1)s f...f(yzvu 51,0"

Since B{S‘(s)]=pz~1\p2 then on hasis
conclude that the identity (14) has the unique solulion

31(5)=32(s)50 (15)

of theorem 2.1 we

3. PROBLEM STATEMENT

3.1, Probiem of the systems stability with the known
controllers

Consider the Tontrul system which consist of the plant
{1) and the contrcller

R 42y .+g stg dus(r 5!

. t.. 4T S+
BeZ 1 o n-3 1

W (18)
Make the Following assumptotions.

Al. The coefficients g, 1-J (i1,)=0,n~1) of the control-
ler {16) are known.

A2. The coefficients di(iso,n—l) and k_, (=0, 7}
plant {1) are unknown.

of the

A3. The deéreés n and y in the equation (1) are the gi-
ven numbers. For simplicity we assume that y 1is the
even number,

A4. The polynomials

dis)g(s) and k(s)r(s) are relative
prime. .

Aj. For the unstadble plant {1) knows the estimation C0
of the resl parts of the polynomiais d{s) roots.

A6. The plant (1) is accessible for the experimental
investigations and its widened freguency domain parame-

ters « and ﬂ. (k=1,p, p=(n+y)/2) are the result of
this investigations.

Problem 3.1 Find the conditions of the stability of the
systu (1). (16) which satisfies auu-ptluns Al-AG.

o

3.2, Problem of the system stadility with the unknown
controllers

Let the coefficients of the controller (16) are un-
known. Then we substitute for Al-A5 by the corresponded
assumptions. .

A1Y The coetﬁcients - r (1,j-0,n—1) of controller
(16) are \mknown.

A2° The coefficients d (i-O,n—l). K, (j-o,y) of plant
{1) are unknown.

A3% The degrees n and y of plunt (1) are ‘the given
numbers.

A4? The polynomials d(s)g(s) and k(s)r(s) are relative
prime,

AS? If the open-loop system (1), (16) is unstable then
the estimation Cno of the real parts of the polynomial

d(s)g(s) roots is known.

A6° The open-loop system (1), (16)
the experimental investigations.

is accesible for

he frequency domain parameters
amzae\ro(hjul). B°k=3mv°(1+juk)

(where

 kelp) (D)
k{s)r(s) 3n+y-1
wo(s)=- d(s)g(s) ' Po= 2 (18)

3n+y-1 is even number) are the result of this investi-
gations.

L2
Problem 3.2 Find the condifions of stability of the
system (1),(16) wich satisfy the ‘as'éuahptions a1%-a6°.

3.3 Comnment

Remark 3.1 The assumptions A3 and a3° may be cancelled.
This isdiscussed in section 5. o
Remark 3.2 The assumptions A4 and Aho is usualy. As
early a’s Nyquist stability criterion the nssunptions A4

and M are usualy adopted implicity a{ leaﬁt for the
unstable open-loop system. o
Remark 3.3 The assumptions A5 (and Aso) may be canceled
also, if we complicates of the experiments which are
used for finding of the frequency domain parameters.

In fact we apply to the input of plant (1} the.signal
At

usze 1-sim..:k’c where l‘ is some positive number.

At

If the product y(t)e 1 inéreases then we have to ap~

13
2-sinwkt {where 1\2>11) and to re-
peat the experiment till the number A for which the

product y(t)eM is the bounded functipn will be ob-

tained.

A
ply the signal u(t)=e

n}

4. MaIn REsULTS (SOLUTION OF PROBLEM 3.1)

4,1 Preliminary transformatios {analysis of the ste-
bility for the known parameters of ths plant)

Let the coefficients of the system (1), (16) knows. The
known algorithm of analysis of the system (1), (16)
stability may be formulated as follows.



2594 ECC 91 European Control Conference, Grenoble, France, July 2-5 1991

Algorithm 4.1
Step 1. Form the characteristic polynomial of the
system (1), (16)

a(s)=d(s)g(s)-k(s)r(s) (19)

Ste P 2. Compose the Burwitz determinants using the
cosfficisnts of the polynomial (19).

S(t ep 3. Check the signs of the Hurwitz determi-
nants. If thess signs are positive then the system (1),
(16) is stable {asysptotically stnble).

We substitute for the expression (19) by the identity
a(s)az(s)-k(s)ﬁi(s)-o (20)
where a(s) and k(s) are the given polynomials of the
degrees p sn-1 and LR 81(') and Gz(s) are some
poly:: aials of the degrees 2n-1 and y respectively.

Assertion 4.1 If the polynomials a(s) and k(s) are re-

latively prime and 61’2"-!:1 then the identity (20)
has of the unique solution ’

’ 61(5)-a(s). 62(s)ak(s). (21)

O

The procf of this assertion follows from the lemma 2.1.

Assertion 4.2 If the assumption A4 is fulfilled then
the polynomials a(s) and k(s) are relatively prime.

Prooof. Let the polyné-ials a(s) and k(s) have the
common divisor v(s)#const. Then a(s)=a(s)u(s) ,
k(s)=k(s)v(s) where polynomials v(s) is some polynomial
of the degree usy.

The expression (19) may be rewritten as
d(s)g(s)=[a(s)+r(s)R(s) Ju(s).

Hence the polynomials d{s)g(s) and k(s)r(s) have the
comnon divisor v(s). This contradicts to the assumption
A4,

4.2 Expression of the identity (20) through the fre-
quency domain paramsters of the plant (1)

We divide (20) by the polynomial d(s) and taking into
account (19) obtain

[8(s)-r(s)w(s)]6,(s)-w(s), (s)=0 (22)
This identity implies the following system of the equa-
tions

{g(l-iju.)-r(hjuh)[uﬁjﬁk]}62(1\+jwh)—[ah+j8u] x
x 8 (43w 320, (k=T;p) 23
which nay be rewritten as

2n-1t R
2 (+j) 'a Him)8, - I Oju)’ x
i=0 i=D

*(@43B8, 0, TP (24)
where
l.sle [g(M»jm.)-r(M»jmk) (“l+jph)] , (25)
[ 10, )7 (0030, (2, 438,)] a6)
Find .
Osjo ) =p (0430 (v))  (1=1720-T) (27)
where tir2) oo -
P (o) Z qzv * %) H(e)s ) Tonar™ (28)
l)aO
The coefficients q;p and qau o G=T,.m=T, »=0,[i/2})

are the known functions of A. [i/2] is the whole part
of i/2,

1
W N

. )
4.3 The first criterioniof ‘gtability

We substitute the expression (27) in (25), (26) and
taking into account that in (20)

8, znrl (29)

obtain the system

2n-2
{ [lupi(”t)"n”n(”u)]az . zo[u!pl(wk)-pkui(uk)]al =
1=0 : . T ’

o, @) B, @) (keI ©0

7 2n-2
!§n[luui(mk)*'hpx(”t)laz,i'igoluupi(uk)‘ﬁtps(Uh)}si,1’

%M, -1(uk)+shp2n-l(uk).o (k=1,p) (31
in which
n-1 n-1 P
lh"gopl(ok)gi'jgo[“kpi(ut)'pk“s(“t)]rn {k=1,p} (32)
n-1 n-1 -
nx' z ”l(mk)gl- z [ukpl(mi)+stpl(uk)]rt (k=1,p). (33)

The system (31), (32) consists of 2n+y the linear alge-
braic equations for the same number of the unknewn

» 8. 4 8 reensd, o celeulation.

61 2n-2" T1,1" Ta,0’ 5z Y

Theorem 4.1 If the assumption A4 is fulf111ed then the
systen (30),(31)

(a) has the solution,

(b) this solution is unique for arbitrary 2 and o,
(k=T1n), __ v

(c) 6'j and 621 (i=0,7, j=0,2n-1) have the values for
which the equality (20) is fulfilled.

The property (c) signifies {hat the solution of the
system (30), (31) gives the coefficients of the charac-
teristic polynomial of the system (1),(16).

=
The proof is given by Appendix A,

Criterion 4.1 (The first criterion of stability).

Let the assumptinons Al-a6 are fulfilled then the s&stem
(1), (16) is asimptotically stable if and only if the

solutions (1-0 2n-2) of the system (30}, (31) sa-
tisfy the 1nequalitles
Ai)O (i=1,2n-1) {34)
where & (i=1,2n-1) are the Hurwitz determinants:
A =5 8, =det 5“*2"'2 1,2n-4 A (39)
1 Tt,2n-2" 2 1 s v Byt
1,2n-2
0
4,4 Example

Consider the plant

(the cyele [131) deseribed by the
equation

v+d oK 1{”1;0 (36)
with the controller {the rohotevelist)

+Bu=-3y-13y (37)
The cqefficients dn. k‘.- and ko

known. The widened frequency domain paraﬁnfbrs of the
cycle are

« =0.85, B =-1.4, a_=0.22, ﬁ =-0.88, «,=0.078, B :-0.6
1 1 2 a (38)

This values was derived «as the results of thr experi-
mental investigations of cycle» for

A=6, w1=3. mzzﬁ, ug:?, (3%)
¥r shall he investigate the stability nf svstem (36",

(37) using of the eriterion 4.7, In considered casn th-
equation (23) have the viex

{got(k+jmk)g1-[rﬂ4r1(x*imk)][ﬂk*jﬁg]}{éz‘
+6tln}—[rxk+j,8k]{(:\+jm~)3+.f11
+51'0}=0|

where g0=8. g‘=1. ru=—13. r|=—3.

NeSE T
: 2 .

Z(A4Juk] #61,!{\+ka)+

(k=1,2,3) (40}

The system of egqua-
tions in the form (30), (31) fnllows from T40)

of the plant i§s un-
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(lux.mkuu)sz,:+‘n 2,u

'Buqx)51,1-“k5

-[=, (\%-0 )-,e L LRI CR
(41)
Lo 3 3-30l)-B, (-ule3n uh), (k=1,3)

Qe m, 1)6 +mk62 o [B (lz-uz)+u 220 ]6. 2—((::‘t +(42)
+Bix)5 3,.5, BzB (33302 MECH (-u +1%0 RE (k=1,3)
where )
‘l;cgaiglx-rﬂak-rl(ku‘-ukﬁk)‘ (k=1,3) (43)
"'u‘g:"’u'roﬂu’r:("’k"u"m.) (k=1,3) (44)

Frow the formulas (43), (44)

a 352 9, a :36 7, a -32 6, k =33, k z-17.4, k_s-7.5

3
Substituting this numbers in (41), (42) and ~ solwing
this system we obtain

8, 5 &, =30, 8, =23, B s139, & =262 (46)

1,2 1,1 1,

Siqce 5:.:>0 (i=0,1,2) and 5"26,")6‘ o " then we con-

clude that the cycle with the robot-cyclist is asimpto-
- tically stable.

Remark 4.3 The frequency domain paruneters (38) was
derived in result of the simulation runs with the equa-
tion (36) with the coefficients dD--IG, k°-30. k‘:S.

The characteristic polynomial of the system (36), (37)
with this coefficients is written as

a(s)=5 4235 °+1395+262. “n

Obvious that the coefficients (47) coincide with (46).
O

5. SECOND KRITERION OF STABILITY {SOLUTION OF
PROBLENM 3.2)

5.1 Second way of the transformations (19)

Let the coefficients (1),{16) are known. Substitute the
expression (19) by the identity
a(s)éz(s)-b(s)ﬁl(s)so (48)
where a(s) and ,
b(s)=k(s)r(s) . (49)

are the given polynomials of the degrees 2n-~1 and n+y-1
respectively.

Assertion 5.1 If the polynomials a(s) and b(s) are re-

latively prime and 6‘ 2n-1=1 then the identity (48) has
the unique solution .

8 (s)=a(s), 62(53=b(s} (50Q)

|

The proof of this assertion follows from the iemma 2.1.

Assertion 5.2 If the assumption A4°

a(s) and b(s) are relatively prime.

-~ a
tThe proof of this assertion repeats of the proof of the
assertion 4.2

is fulfilled then

5.2 Expression of the identity (48) through the fre-
quency domain parameters of the open-ioop system

bivide (48) by the polynomial d(s)g(s) and taking into
account {19) we obtain

[L4+w (5)]8 (s)4w (5)8 (s)=0 (51)
The system of the equations follows from (51)
(1§u°k+jBUL)62(1}jmh)+(a0k+j50k)8l(x+juk):0, {k=1 0)
- . (52)
It may be rewritten ly 51'2“_1=1 as
n+y~1 2n-2
_gu['“*“.-k“’ (w )-8, 08 (0)]8, ., -‘Zo[uokpi(uk)-ﬂ“x
;(J,,-L,I:ul«)]'S . " {‘ul zn- I(J )4-,80.(;.!2 k)]' (kST'—’:)

(53)

neYy-1

L [y du (v )48, p (0 )]6z ‘r z [c WM, (0 )48 x

=0
"Px(wl)]a .)*50.!“ (Wk)]l (k'lrpo)(s‘.)

1,1 =-[a %ouHzn- 1t 2n-1

3.3 The second criterion of stabibility

Criterion Q_l The system {1),{16) for which the assump-

tions A1%-a6% are fulfilled, is the asi totically
stable if and only if the solutions B (i -2) of

system (533), (54) satisfies of the inequalifxes (34).

5.4 Analysis of stability for the unknown n and ¥

Let the degrees n and 7 in the equation in the plant
{1) is not known.

Then the following procedure may be supposed.

Procedure 3.1
Step 1.

Assign some number n (let for simplity
n, sl).
1

Step 2. Find the 2n‘ of the frequency domain para-
meters of the open-loop system (1), (16) using an expe-
riment.

Step 3. Solve the system (53), (34) wich n=o_,
y=n -1 and form the polynomial

Zn‘-l Za‘—z
5 (s)=s +6"zn_zs f...+6i'°. (55)
St ep4. Calculate the roots li'aflz. f...s&z‘i_i'-‘

of this polynomial.

Step 5. Return to the step 1 replacing nl by
nzsn‘+1. Repeating the steps 2-4 by a, obtain the roots
A S, S ' :

1,52 "y an-i,nz
Step 6. Check the inequalltf
lks,n -2 on |s: (1=1,2n -1) (56)
1 2
Zni-l,n1 1Zn -2,n | ﬂ ! ]k2n -1, n1 12n2-‘l.nz an_(57)

where € are the sufficiently small number, r]‘l and qz

are the sufficiently big numbers. If the inequality
(56), {57) is fulfilled then go to the step 7. If the
one {or several) of the inequality (56), (57) is viola-
ted then go to the step 1 replacing L by na'ngfl and
S0 on.

Step 7. Check the signs of the real part roots
1‘ n (i=1.2nj—1) where j (j22) 1is the number of the
step of the iterative process for which the follows in-
equality is fulifilled

1"n1_1-15,n1‘5t :(s=1,2nj_1~1) {58)

- LITWR -
12n_.-2,n |2n1, 4x2n D an -1,n lzﬂ
1-1 [P 3 A

e (59J

112n -1i,n

6. CoNcLusIGN

Two new criterions of the stability has been proposed.
The distinctions between these critericns and the
Nyquist criterion are the follows.

1. The number of the test frequences ip less than or
equal to 2n, For the Nyquist criterion ‘thls number is
infinite.

2. The estimation of the upper boundary of the set of
the reai parts of the plant roots or open-laop system
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rouls required in the proposed criterions can be recei-
ved from the experiment.

The number of the roots of the plant or the open-loop
system with the positive real plant which 1is required
for the Nyquist criterion cannot be received from expe-
riment.

AppenpIx A. THE PROOF OF THE THEOREM 4.1.

Nu}tip]& (31) by j and add (30):. - Then we derive the
equation system (24), {29) which is equal to (23},(29).
Multiply the each equation of system (23) by _the cor-
responding polynomial d(su) where sh=k+uk {k=1,n). (In
accordance with the remark 2.1 d(sk)¢0 (k=1,n)). Then
we obtain the equation system

a{s, )8,(s )-k(s, )8 (s )=0 (k=1,p), &

NPTRLE I G

The identity {20) can by expressed in the following
form

2p-1 «
X x5 =0 (A.2)
i=0

where

1
xa=[¥gaa-.az,1k151,q-;) (a=0,2p-1). (A.3)
(a =5 =0, if a-i<0 or a-id2n-1).
SQer 1,0-4

The coefficients . of the polynomials (21) are the solu-
tion of the of the eguatfon system
xasO (2=0,2p-1), 61,2n-1-1 (A.4)
The equaginnS'fA.l) is represented similarly (A.2)
S gt h

Lx im0 (kaI;p), 5, , =1 (A.5)
i=0 ’

It is sufficient to prove now that (A.4) is the unique
solution of {(A.3).

Regtricting to the case X=0 for simplisity, we rewrite
(A.5) as

p-1 . p-1
24 i 2141 §
T wi'(~-1)'x_ =0, Tol " (-1 =0,
o * 21 o ¥ 2141
— A.6
5, ol TR .6
Rewrite {(A.6) in the form
Mx=0, &, =1 (A.7)
where
2 4 x
Lo o e -
10 u: 0 u:...ﬂ * .\
Ma ;o x= - {A.B)
. -3 2p=1,_,40-1 x
0,0 6] 07D ’
L R =Zp-1 et H
o X
0 up -up 0 ) (-1) 2p-1

The determinant of matrix M can be transformed as

M 0

detﬂsdet[ P |sdetn detn, (A.9)

0 M
where detnl and detHz are the Vandermonde determinants.

If oo, (i#k) then detM #0 (i=1,p) and consequently
detMz0. N

This means that (A.4) is. the unique solution (A.5). The
proof for A0 is similarly.
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