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Abstract

Algorithm of adaptive PDD-controller for plant with
unknown coefficients and pulse-width modulation
(PWM) in the presence of unknown-but-bounded
disturbance is derived. It makes use of a sufficient
small test signal. Adaptation process consists of in-
tervals on which a plant and closed-loop system are
identified on the base of finite-frequency identifica-
tion technique. The plant coefficients estimates are
used for controller redesign and the identified charac-
teristic polynomial of closed-loop system is compared
with a specified wished characteristic polynomial. If
these polynomials are close then adaptation is ended.
The ways of design of admissible test signal are pro-
posed.

1 INTRODUCTION

Selftuning and adaptive PI- and PID-controllers [1]
are widely used for technological process control [1,
2]. Their algorithms are based on different variants
of the least squares techniques in which the measure-
ment noise and external disturbance are assumed to
be “white noise” [3]. In practice such assumption
does not take place often and so these controllers
may lose serviceability. In last decade adaptive con-
trol methods in which disturbances are unknown-
but-bounded functions have been developed. These
techniques are based on recurrent aimed inequali-
ties [4], least squares estimation algorithm with dead
zone [5], frequency domain parameters that are found
by Fourier’s filters making use of output of a plant
excited by test signal [6, 7].

In paper [8] algorithm for adaptive PID-controller
design of linear system using the third approach was
proposed.

However in practice there is often making use of
pulse-width modulation of signal applied to electro-

drive. In this case PID-controller is replaced with a
PDD-controller.

In the present paper the adaptive control method
based on use of frequency domain parameters is de-
veloped on a case of systems with the pulse-width
modulation.

As an example the application of an adaptive
PDD-controller for a real impulse system of tempera-
ture stabilisation of air [9] with unknown parameters
of plant and unknown-but-bounded disturbances is

described.

2 Problem statement

Consider a completely controllable and asymp-
totically stable plant described by the following dif-
ferential equation

i+ 26woy + wiy = wiky Tyt + wikpp + f, (1)

where y(t) is measured plant output, f(¢) is an
unknown-but-bounded disturbance, undamped nat-
ural frequency wy, damping ratio &, coefficient %,
and time constant 77 are unknown numbers,  is out-
put of the executive device described by the following
equations of electrodrive with pulse-width modula-
tion

B = karv, (2)

asignu(t) for (—1)H<t<(—1)HHy

v(t)= (3)
0 for (—1) H+t,<t<!H,

H
tu=—— () H]|, =12,

umax

kqr 18 a coefficient, amplitude a and interval H are
given numbers, u(?) is an output of controller, umax=
max |u(t)| is a known number, u[({-1)H] is a value
of u(t) in the time moment t=(/—1)H. Further it is
assumed that interval H is sufficiently small.



The diagram of dependence (3) is given in fig. 1.
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Fig. 1
The controller i1s described by following equation

Toptt +Thpte+u=kpy [Tgé +eé+ Tie] , (4)

it is named PDD-controller [10], [11]. In equation (4)
e = y—vyr is a tracking error, y,(¢) is a reference
input, T1p, 15, are sufficiently small numbers. The
controller coefficients k,, Ty, Ty, Ti, and 15, are
found as adaptation result.

Equation (2) , (3) and (4) are described the im-
pulse analog of the PID-controller.

For convenience equations (1) and (2) may be writ-
ten as:

U daij + diy = ki + kov + f, (5)
where
dr=28wy, di=w?, ki=wikpika, T1, ko=wikpikar (6)
and controller (4) is described by the equation with
piecewise-constant coefficients
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where 1 (z =1, N) is an adaptation interval num-
ber; the time of ending of each intervals ¢;, their
amount N and numbers gg], rg] (k = 0,_2) are found
in adaptation process.

Duration of adaptation intervals §; = #; —t;
(i =1, N) have to satisfy the conditions

62’262'—1‘1'6*, 1 =1,N (9)

where §* is a given positive number.

In equation (7)

4

E Pk sin wk

are the test signals with test frequencies wg] > 0 and
test amplitudes pg] > 0, (k =1,4, i=1,N).

After adaptation ending the controller is described
by equation (7) in that g, :gZ[N], 7 :rZ[N] (z = 0,_2)
and then this equation has following form

gatt + g1t + gou=rsé + rie + roe, (11)

For simplicity, further one is considered two
species of the intervals: the first spectes when the test
signals are directly applied to the PWM block (3):

3
:Zpk sinwk(t—ti_l) (12)
tii<t<t; icLN
(in this case: gg] =0, k=12, gg] = 1, rg’] _
0 (k’ = 0,_2)) and intervals of second species in which

Z s sinwg (t—ti1 ), (13)

k::
tig <t<t; i€2,N.

The test frequencies are multiply to minimal fre-
quencies wy and @1: ws = NiwWi, W3 = Nawy, Wy =
ﬁldl, (.:)3 = ﬁz(:)l, (.:)4 = ﬁg(.:)l, where ni, Na, ﬁl, ﬁz,
ng are integers.

The test signals amplitudes are found in adapta-
tion process from the following conditions of “small
excitation” of plant and controller outputs

W) -5 @) <ey, [l —alle)| e, i=TN
(14)
where glil(¢) all(t) are outputs of plant (5) and con-
troller (7) when the test signals are absent (v['l = 0),
gy €y are sufficiently small numbers which express
a requirement of smallness of component excited by
the test signal in comparison with components be-
cause of reference signal and disturbance. The test
signals (12) and (13) are called admissible if they
satisfy the conditions (14).

The frequencies and amplitudes of signals (12)
and (13) are assumed to be known. The way of
their determination by experiment and convergence
of adaptation process is described in [8].

When interval H is sufficiently small characteristic
polynomial of system (5),(3),(11) is

o(s)=(s+dys™+d15)s(g25™+g1 5490 )—
—(k15+k0)(r252+r15+r0): (15)
=555 4045 Hp3 57 Hp2 7 Hp1 sHpo.

Let the requirements to the settling time, max-
imum overshoot and steady-state error of sys-
tem (5),(3),(11) be assigned by the coefficients of a
wished characteristic polynomial

W(s) = bss® 4 hast 4+ P35>+ has® + s + 1o, (16)

Problem 2.1 Find an adaptation algorithm for
coefficients of controller (7) such that the characteris-
tic polynomial (15) of system (5),(3),(11) and a spec-
ified Hurwitz’s polynomial (16) meet the following
demands

|¢i_§0i|§6? i=0,5, (17)



where 6?}, (z = 0,_5) are given numbers.

Remarks

e The coefficients of plant (1) is assumed to be
constant. However, algorithm solved problem
2.1 1s small changed if plant coefficients and ref-
erence input value g, are changed in some time
moment ¢(1) > ¢x5. In this case controller (7)
have to contain a test signal in order to deter-
mine (1),

e In practice, measurement results of plant output
is g(t) = y(t) + n(t) where n(t) is unknown-but-
bounded measurement noise. In problem 2.1 the
noise 1s not took into account for simplicity and
a proposed algorithm of this problem solution
does not change in the case of noise.

e Equations (1) allows indirectly to take account
of plant with delay In fact, if £ > 1 then plant
transfer function

( )_k(s)_wgkp(Tls—l—l) _ kyp(Tus+1)
wis S d(s) s?H2bwotw?  (Tes+1)(Tss+1)
(18

under T7=—T5 contains approximation of trans-
fer function e~0-575

3 The first adaptation interval
(controller initialisation)

3.1 Plant output filtering

On the first interval test signals are applied to the
PWM block (3). The outputs of ”plant” (5) are ap-
plied to Fourier’s filter,

tr+7
dp=oap(d)=— y(t) sinwg (t — o) dt
PRT o
o k=13
Br=0r(6)=——= [ y(t)coswy(t —to) dt
PrT
tp
(19)
whose outputs are measure in moment time § = ¢7T,
where T = w—” 1s a basic period, ¢ = 1,2,...; tp 18

a filtering start time (for simplicity, tp = qT qis a
given number), d=tp+7, 7 is a filtering time.

For fixed value § numbers aj and Bl« (k = m)
are the estimates of frequency domain parameters
(FDP) v, and By (k = m) that are connected with
plant transfer function by expressions:

ap = Rew(jwy), Br =Imw(jwg), k=1,3
(

20)

3.2 Frequency equations (plant iden-
tification)

The FDP estimates ap = oax(¢]), G =
B (¢T) (k :m) are coefficients of the following
frequency equations of identification

[(jwk)k1+k0]—(@,f+jﬁk)[( wi) doH(jwr )di))=
=(ar i) (Jwr)? k=T1,2
(21)
where d;, l;'j (i=1,2, j =0,1) are coefficients esti-
mates of “plant” (5).
These equations follow from the identity

k(s)—w(s)d(s)=0

(under s=jwy, (k = m)) and expressions (20) after
substitution of FDP by their estimations (19).
The frequency equations (21) may be written as

ko 4+ wiards + wi frd) = Bsz’ —
; ¢ ) k=13 (22
wiki — agpdy + wiPrds = —opw} (22)
3.3 Determination of interval ending
moment

Solving system (22) for the different values of FDP
ar(qT), Bi(qT) (k=1,3, ¢=¢+1,g+2...) the plant
coefficients estimates d;(¢T'), k;(¢T) (i=1,2, j=0,1,
q=q+1,q+2...) are found.

The first interval duration is determined by the
following necessary conditions of identification con-

Vergence
g e
— < €91, _ _
|T1<qu> [(3—1>T]| < oy, IETHLAAZ.
|“p(qT) - “p[(q - 1)T]| < éq1,
(23)

where £;1 (z = m) are given sufficiently small num-
bers.

Let for ¢ = q; these conditions hold then ending
time of the first interval 1s ¢ =¢1 7.

3.4 Controller coefficients calculation

Let’s consider the Bezout-Identity

(s24dys+dy ) s (go ™91 s+g0 )—(k1 s+ho ) X
X (ro 82411 5470 )=s b s b sPHaho 57+ sy,
(24)
that gives the system of the linear algebraic equa-
tions

g2=1 g+ dzgz Py,
Jo+ d291 + dlgz ki = s,
dzgo + dlgl —kyry — kora = o,
dlgo k’lro k’07°1 U, —k’oro = tq.

(25)



Solving these equations the coefficients of con-
troller

(6575 + 915 + g5 yu = (518” + s 4 rfT)e 4 o

(26)

are found.

4 The second adaptation in-
terval

4.1 Closed-loop system

On the second adaptation interval ”plant” (5) is
closed by the controller (26). The closed-loop sys-
tem (5) , (26) may be written as

e (s)y = (ks + ko)ol?l + (27)
where
go[z](s) = (52—|—d25+d1)5(g[22]52 —|—g[12]5—|—ggz])—
—(k15+k0)(r[zz]sz—i—r[lz]s—l—rgz]) = (28)

= ks34 ol ol o2 4 ol ol

f(t) =( [22]52 —I-g[lz]s—I—gEz])f— (k1s+ko) x
% (s s,

Equation (27) may be interpreted as "new plant”
with the following transfer function

wei(s) = k(s) /1) (s) (29)

Frequency domain parameters corresponding to this
transfer function are called FDP of a closed-loop
system and they described by expressions:

O = Rewe (jor), o = Imwe (jor), (30)

4.2 Closed-loop output filtering

Estimates of closed-loop system FDP are found as
outputs of Fourier’s filter

2 trp4+T

0 =04 (0) = — t) sin @y dt
e =05 (J) ot t y(t) k -

o k=1,4,
Ve =g (0) = — t) cos Wy, dit
A ="k (9) GhT y(t) k

tp

(31)

where y(t) is output of system (5),(3),(26) excited by
test signal (13), tpzﬁTzﬁé—T, q is a given number.

4.3 Frequency equation solution (the
closed-loop system identification)

The frequency equations for identification of
“plant” (27) are

Lk + ko] = (B + ) x [ (o) 64
Hion) B+ (i0n)* e+ (o) 2+t
= (U + Jie) (JOk)°, 5

The solution of this system for the different val-
ues of FDP: 0, = 0,(¢T), Y = Yk (¢T) gives esti-
mates @Ez]
cients go[z](qf) (i=0,5, g=q+1,4+2,...).

)

(¢T) of characteristic polynomial coeffi-

4.4 Target condition examination

If there exists number ¢ = ¢» such that the target
conditions

- < i=05 (33)
hold then N = 2, the second adaptation interval is
(2]

7

ended and controller (7) has coefficients ¢;=¢
W (i1=02).

, Ti=

4.5 Controller coefficients calculation

If number ¢ = g2 for that the inequalities (33) hold
does not exist (it means that identification accuracy
obtained on the first interval is not sufficiently) then
FDP are used for an improvement of plant FDP es-
timates.

These two species of FDP are linked by the follow-
Ing expressions

Ok + Jve

o+ bk = - — — k=1,3
sl (O 4 Jyr )we (jOr ) Fwe (jOr)
(34)
where
( r[zz]sz—i—r[lz]s—l—rgz] ( ) 1
WelS)= y WelS)= .
e T R
35

Substituting in (34) 6 and vx (k =1,2) by their
estimates 0k (qT), vx(qT) (k = 1,3, ¢ = q+Ga,q+
Jat1,...) FDP estimates of ”plant” (5) & =k (¢T),
B = ﬁk(qf) (k = 1,3) are calculated. Here, in ac-
cording to (9) g2 is found from the following inequal-
ity (q+q2)T>qT+6".

Solving frequency equation (22) under wy = @y
(k :m) new estimates di(qf), k'j(qf) (i =1,2,
J=0,1, ¢=¢+§2,q+¢2+1,...) are found.

Then necessary conditions

wolgThwollg-)T1|<ers,  [e(aT)-€la-1)T]|<ern

D) Tl(a=DT]|<en,  |ralaT)-rl(g-1)T]|<eae
(36)



are examined. Here g;9, (z = m) are given num-
bers.

If for ¢ = g2 these conditions hold then ending time
of the second interval {5 = qu.

Making use of coefficients of ”plant”(5) d; =
di(qu) ki = ki(qu) (z = ﬁ) the equations (25)
are solved and coefficients of controller

(055 stglyu= (Vs P sl s) T (37)

are found and so one.

5 Adaptation algorithm

Algorithm 5.1 (algorithm of frequencial adaptive
PDD-controller) contains the following steps: a) find
amplitudes of test signal (12) making use of algo-
rithm 5.1 [8], apply output of plant (5) excited by
this test signal to Fourier filter (19) and measure its
outputs in the time moment § =¢T, g =q¢+1, ¢+2, . . ;

b) solve frequency equations (22) for these time
moments, examine necessary conditions (23) and find
time t, = ¢, 7

c) calculate coefficients of controller (26) solving
equations (25);

d) close plant by controller (26), find amplitudes
of test signal (13) on the base of algorithm like al-
gorithm 5.1 of [8], excite system (5),(3),(26) by test
signal (13) and measure Fourier’s filter outputs (31)
in time moments § =¢7T' (4=q+42,q+G2+1,...).

e) solve frequency equations (32) for this time mo-
ments and examine target conditions (33);

f) if these conditions do not satisfy then calculate
plant FDP estimations by formulae (34), go to step
(b) and so on.

6 Example
Consider a plant described by the following equations
y+doy+diy = ki + kop + f, (38)
fr=v (39)

and by the equation (3)
The values of parameters of the PWM block are

a =220, H=10c, tmax = 220. (40)

Remark. The coefficients and disturbance of a
real plant used under the simulation have the follow-
g values

dy=0.021, dy=2-107°, ky=—5-107%, ky=10"",
(41)
f = —120cos0,00835¢

Its transfer function is

5-1073(=50s + 1)
W) = G0+ 505 1 1)’

(42)

]
Problem is to find coefficients of PDD-contro-
ller (7) such that characteristic polynomial of sys-
tem (38),(40),(11) and the following wished polyno-
mial
(s)=(100s+1)(150s+1)(200s+1)(250s+1) (300s+1)=
=0.225-10"25540.6525-10's*4+0.725- 10353
+0.3875-1055240.1-10%s'40.1-10"
(43)

meet the demands

[ — @] < 0,59

To realise the numerical experiments on simulation
of the adaptive process with a PWM the program
”Frequency adaptive control with a PWM” specially
was developed [12]. Tt operates in structure of a pack-

age ADAPLAB [13].

Below results of numerical experiments are given.

Step ()

u=0vl"1=3 5in 0.002¢+ 15 sin 0.004¢ +220 sin 0.06¢,
(45)

i=05 (44)

g=4, T=3141, 56 sec.
Step (b) ¢1=28.
Step (c)
& =0225-1012, ¢ =0.14346 - 107,
g =0.25134.10%, r§7 = 0.16920 - 103,
2]

P = —0.49280- 101, T = 093197107,
(46)

Step (d)

p121=2.2 - 108(sin 0.002¢ 4 sin 0.006¢ + sin 0.009¢+
+sin 0.012¢),
7=2, T=3141,56sec.
(47)

Step (e) Under ¢2=98

Pl(5)=0.225%10"2%5° +0.87364 + 1010 %54
40.90511%10%% 5% 4-0.49895 % 10% % 5%+
40.12644%10%xs' +1.2841

The target condition
e

is hold and therefore PDD-controller (7) with
coefficients (46) is resolved the adaptive control
problem.

<05 =05 (48)
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